Introduction
In the last years, motivic integration has shown to be a quite powerful tool in producing new invariants in birational geometry of algebraic varieties over a field k, say of characteristic zero, cf. [17] [2] [3] [10] [11] [12] . Let us explain the basic idea behind such results. If h : Y → X is a proper birational morphism between k-algebraic varieties, the induced morphism L(Y ) → L(X) between arc spaces (cf. [10] ) is an isomorphism outside subsets of infinite codimension. By a fundamental change of variable formula, motivic integrals on L(X) may be computed on L(Y ) when Y is smooth. In the present paper we develop similar ideas in the somewhat dual situation of degenerating families over complete discrete valuation rings with perfect residue field, for which rigid geometry appears to be a natural framework. More precisely, let R be a complete discrete valuation ring with fraction field K and perfect residue field k. We construct a theory of motivic integration for smooth (1) rigid K-spaces, always assumed to be quasi-compact and separated. Let X be a smooth rigid Kspace of dimension d. Our construction assigns to a gauge form ω on X, i.e. a nowhere vanishing differential form of degree d on X, an integral X ωdμ with value in the ring K 0 (Var k ) loc . Here K 0 (Var k ) loc is the localization with respect to the class of the affine line of the Grothendieck group of algebraic varieties over k. In concrete terms, two varieties over k define the same class in K 0 (Var k ) loc if they become isomorphic after cutting them into locally closed pieces and stabilization by product with a power of the affine line. More generally, if ω is a differential form of degree d on X, we define an integral X ωdµ with value in the ring K 0 (Var k ), which is the completion of K 0 (Var k ) loc with respect to the filtration by virtual dimension (see § 3.4). The construction is done by viewing X as the generic fibre of some (1) The extension to singular rigid spaces when K is of characteristic zero will be considered in a separate publication.
formal R-scheme X . To such a formal R-scheme, by mean of the Greenberg functor X → Gr(X ) one associates a certain k-scheme Gr(X ), which, when R = k [[t] ], and X is the formal completion of X 0 ⊗ k [[t] ], for X 0 an algebraic variety over k, is nothing else that the arc space L(X 0 ) considered before. We may then use the general theory of motivic integration on schemes Gr(X ) which is developed in [24] . Of course, for the construction to work one needs to check that it is independent of the chosen model. This is done by using two main ingredients: the theory of weak Nron models developed in [5] and [9] , and the analogue for schemes of the form Gr(X ) of the change of variable formula which is proven in [24] . In fact the theory of weak Nron models really pervades the whole paper and some parts of the book [5] were crying out for their use in motivic integration (2) . As an application of our theory, we are able to assign in a canonical way to any smooth quasi-compact and separated rigid K-space X an element λ(X) in the quotient ring K 0 (Var k ) loc /(L − 1)K 0 (Var k ) loc , where L stands for the class of the affine line. When X admits a formal R-model with good reduction, λ(X) is just the class of the fibre of that model. More generally, if U is a weak Nron model of X, λ(X) is equal to the class of the special fibre of U in K 0 (Var k ) loc /(L − 1)K 0 (Var k ) loc . In particular it follows that this class is independent of the choice of the weak Nron model U. This result can be viewed as a rigid analogue of a result of Serre concerning compact smooth locally analytic varieties over a local field. To such a varietyX, Serre associates in [25] , using classical p-adic integration, an invariant s(X) in the ring Z/(q − 1)Z, where q denotes the cardinality of the finite field k. Counting rational points in k yields a canonical morphism K 0 (Var k ) loc /(L − 1)K 0 (Var k ) loc → Z/(q − 1)Z, and we show that the image by this morphism of our motivic invariant λ(X) of a smooth rigid K-space X is equal to the Serre invariant of the underlying locally analytic variety. Unless making additional assumptions on X, one cannot hope to lift our invariant λ(X) to a class in the Grothendieck ring K 0 (Var k ) loc , which would be a substitute for the class of the special fibre of the Nron model, when such a Nron model happens to exist. In the particular situation where X is the analytification of a Calabi-Yau variety over K, i.e. a smooth projective algebraic variety over K of pure dimension d with Ω d X trivial, this can be achieved: one can attach to X a canonical element of K 0 (Var k ) loc , which, if X admits a proper and smooth R-model X , is equal to the class of the special fibre X 0 in K 0 (Var k ) loc . In particular, if X admits two such models X and X ′ , the class of the special fibres X 0 and X ′ 0 in K 0 (Var k ) loc are equal, which may be seen as an analogue of Batyrev's result on birational Calabi-Yau varieties [1] . The paper is organized as follows. Section 2 is devoted to preliminaries on formal schemes, the Greenberg functor and weak Nron models. In the following section, we review the results on motivic integration on formal schemes obtained by the second named author in [24] which are needed in the present work. We are then (2) cf. the remark at the bottom of p.105 in [5] .
able in section 4 to construct a motivic integration on smooth rigid varieties and to prove the main results which were mentionned in the present introduction. Finally, in section 5, guided by the analogy with arc spaces, we formulate an analogue of the Nash problem, which is about the relation between essential (i.e. appearing in every resolution) components of resolutions of a singular variety and irreducible components of spaces of truncated arcs on the variety, for formal R-schemes with smooth generic fibre. In this context, analogy suggests there might be some relation between essential components of weak Nron models of a given formal R-scheme X with smooth generic fibre and irreducible components of the truncation π n (Gr(X )) of its Greenberg space for n ≫ 0. As a very first step in that direction we compute the dimension of the contribution of a given irreducible component to the truncation.
Preliminaries on formal schemes and Greenberg functor
2.1. Formal schemes. -In this paper R will denote a complete discrete valuation ring with residue field k and fraction field K. We shall assume k is perfect. We shall fix once for all an uniformizing parameter ̟ and we shall set R n := R/(̟) n+1 , for n ≥ 0. In the whole paper, by a formal R-scheme, we shall always mean a quasi-compact, separated, locally topologically of finite type formal R-scheme, in the sense of § 10 of [13] . A formal R-scheme is a locally ringed space (X , O X ) in topological R-algebras. It is equivalent to the data, for every n ≥ 0, of the R n -scheme X n = (X , O X ⊗ R R n ). The k-scheme X 0 is called the special fibre of X . As a topological space X is isomorphic to X 0 and O X = lim ←− O Xn . We have X n = X n+1 ⊗ R n+1 R n and X is canonically isomorphic to the inductive limit of the schemes X n in the category of formal schemes. Locally X is isomorphic to an affine formal R-scheme of the form SpfA with A an R-algebra topologically of finite type, i.e. a quotient of a restricted formal series algebra R{T 1 , . . . , T m }. If Y and X are R-formal schemes, we denote by Hom R (Y, X ) the set of morphisms of formal R-schemes Y → X , i.e. morphisms between the underlying locally topologically ringed spaces over R (cf. § 10 of [13] ). It follows from Proposition 10.6.9 of [13] , that the canonical morphism Hom R (Y, X ) → lim ←− Hom Rn (Y n , X n ) is a bijection. If k is a field, by a variety over k we mean a separated reduced scheme of finite type over k.
2.2.
Extensions. -Let A be a k-algebra. We set L(A) = A when R is a ring of equal characteristic and L(A) = W (A), the ring of Witt vectors, when R is a ring of unequal characteristic and we denote by R A the ring
When F is a field containing k, we denote by K F the field of fractions of R F . When the field F is perfect, the ring R F is a discrete valuation ring and, furthermore, the uniformizing parameter ̟ in R induces an uniformizing parameter in R F . Hence, since k is assumed to be perfect, the extension R → R F has ramification index 1 in the terminology of § 3.6 of [5] .
2.3. The Greenberg Functor. -We shall recall some material from [14] and § 9.6 of [5] . Let us remark, that, when R is a ring of equal characteristic, we can view R n as the set of k-valued points of some affine space A m k which we shall denote by R n , in a way compatible with the k-algebra structure. When R is a ring of unequal characteristic, R n can no longer be viewed as a k-algebra. However, using Witt vectors, we may still interpret R n as the set of k-valued points of a ring scheme R n , which, as a k-scheme, is isomorphic to some affine space A m k . Remark we have canonical morphisms R n+1 → R n . Now, for every n ≥ 0, we consider the functor h * n which to a k-scheme T associates the locally ringed space h * n (T ) which has T as underlying topological space and Hom k (T, R n ) as structure sheaf. In particular, for any k-algebra A,
Taking A = k, we see that h * n T is a locally ringed space over Spec R n . By a fundamental result of Greenberg [14] (which in the equal characteristic case amounts to Weil restriction of scalars), for R n -schemes X n , locally of finite type, the functor T −→ Hom Rn (h * n (T ), X n ) from the category of k-schemes to the category of sets is represented by a k-scheme Gr n (X n ) which is locally of finite type. Hence, for any k-algebra A,
and, in particular, setting A = k, we have
Among basic properties the Greenberg functor respects closed immersions, open imersions, fibred products, smooth and tale morphisms and also sends affines to affines. Now let us consider again a formal R-scheme X . The canonical adjunction morphism h * n+1 (Gr n+1 (X n+1 )) → X n+1 gives rise, by tensoring with R n , to a canonical morphism of of R n -schemes h * n (Gr n+1 (X n+1 )) → X n , from which one derives, again by adjunction, a canonical morphism of k-schemes
In this way we attach to the formal scheme X a projective system (Gr n (X n )) n∈N of k-schemes. The transition morphisms θ n being affine, the projective limit Gr(X ) := lim ←− Gr n (X n ) exists in the category of k-schemes. Let T be a k-scheme. We denote by h * (T ) the locally ringed space which has T as underlying topological space and lim ←− Hom k (T, R n ) as structure sheaf. It is a locally ringed space over Spf R which identifies with the projective limit of the spaces h as in Proposition 10.6.9 of [13] , that the canonical morphism Hom R (h * (T ), X ) → lim ←− Hom Rn (h * n (T ), X n ) is a bijection for every formal R-scheme X . Putting everything together we get the following: 2.3.1. Proposition. -Let X be a quasi-compact, locally topologically of finite type formal R-scheme. The functor
from the category of k-schemes to the category of sets is represented by the k-scheme Gr(X ).
In particular, for every field F containing k, there are canonical bijections
One should note that, in general, Gr(X ) is not of finite type, even if X is a quasicompact, topologically of finite type formal R-scheme.
In this paper, we shall always consider the schemes Gr n (X n ) and Gr(X ) with their reduced structure. Sometimes, by abuse of notation, we shall write Gr n (X ) for Gr n (X n ). Proof. -Assertion (1) for the functor Gr n is proved in [14] and [5] , and follows for Gr by taking projective limits. Assertion (2) follows from (1) and the universal property defining Gr. 
, where L(X) and L n (X) are the arc spaces considered in [10] . [7] ) is that for every n in N the induced morphism f n : X n → Y n is smooth at x of relative dimension d. The morphism f is smooth if it is smooth at every point of X 0 . The formal R-scheme X is smooth at a point x of X 0 if the structural morphism is smooth at x.
Let X be a flat formal R-scheme of relative dimension d. We denote by X sing the closed formal subscheme of X defined by the radical of the Fitting ideal sheaf Fitt d Ω X /R . The formal R-scheme X is smooth at a point x of X 0 (resp. is smooth) if and only if x is not in X sing (resp. X sing is empty).
2.5. Greenberg's Theorem. -The following statement, which is an adaptation of a result of Schappacher [23] , is an analogue of Greenberg's Theorem [15] in the framework of formal schemes. We refer to [24] for a more detailled exposition.
2.5.1. Theorem. -Let R be a complete discrete valuation ring and let X be a formal R-scheme. For every n ≥ 0, there exists an integer γ X (n) ≥ n such that, for every field F containing k, and every
2.6. Rigid spaces. -For X a flat formal R-scheme we shall denote by X K its generic fibre in the sense of Raynaud [22] . By Raynaud's Theorem [22] , [6] , the functor X → X K induces an equivalence between the localization of the category of quasi-compact flat formal R-schemes by admissible formal blowing-ups, and the category of rigid K-spaces which are quasi-compact and quasi-separated. Furthemore, X is separated if and only if X K is separated (cf. Proposition 4.7 of [6] ). Recall that for the blowing-up of an ideal sheaf I to be admissible means that I contains some power of the uniformizing parameter ̟. In the paper all rigid K-spaces will be assumed to be quasi-compact and separated.
2.7. Weak Nron models. -We shall denote by R sh a strict henselization of R and by K sh its field of fractions.
2.7.1. Definition. -Let X be a smooth rigid K-variety. A weak formal Nron model (3) of X is a smooth formal R-scheme U, whose generic fibre U K is an open rigid subspace of X K , and which has the property that the canonical map
The construction of weak Nron models using Nron's smoothening process presented in [5] , carries over almost literally from R-schemes to formal R-schemes, and gives, as explained in [9] , the following result:
2.7.2. Theorem. -Let X be a quasi-compact formal R-scheme, whose generic fibre X K is smooth. Then there exists a morphism of formal R-schemes X ′ → X , which is the composition of a sequence of formal blowing-ups with centers in the corresponding special fibres, such that every R sh -valued point of X factors through the smooth locus of X ′ .
(3) We follow here the terminology of [9] which is somewhat different from that of [5] .
One deduces the following omnibus statement:
2.7.3. Proposition.
-Let X be a smooth quasi-compact and separated rigid Kspace and let X be a formal R-model of X, i.e a quasi-compact formal R-scheme X with generic fibre X. Then there exists a weak formal Nron model U of X which dominates X and which is quasi-compact. Furthermore the canonical map U(R sh ) → X (R sh ) is a bijection and for every perfect field F containing k, the formal
In particular, the morphism U → X induces a bijection between points of Gr(U) and Gr(X ).
Proof. -We choose a formal model X of X such that we are in the situation of Theorem 2.7.2. The smooth locus U of X ′ is quasi-compact and is a weak Nron model of X K , since, by [9] 2.2 (ii), every K sh -valued point of X K extends uniquely to a R sh -valued point of X . Also, it follows from Corollary 6 of § 3.6 [5] that, if U is a weak Nron model of the rigid K-space X, then for every field F containing k, the formal R F -scheme U ⊗ R R F is a weak Nron model of the rigid K F -space
Motivic integration on formal schemes
The material in this section is borrowed from [24] to which we shall refer for details.
3.1. Truncation. -For X a formal R-scheme, we shall denote by π n,X or π n the canonical projection Gr(X ) → Gr n (X n ), for n in N. Let us first state the following corollary of Theorem 2.5.1:
Proof. -Indeed, it follows from Theorem 2.5.1 that π n (Gr(X )) is equal to the image of Gr γ(n) (X γ(n) ) in Gr n (X n ). The morphism Gr γ(n) (X γ(n) ) → Gr n (X n ) being of finite type, first the statement follows from Chevalley's Theorem. For the second statement, one may assume m = n, and the proof proceeds as before.
3.1.2. Proposition. -Let X be a smooth formal separated R-scheme (quasicompact, locally topologically of finite type over R), of relative dimension d.
(1) For every n, the morphism π n : Gr(X ) → Gr n (X n ) is surjective.
(2) For every n and m in N, the canonical projection Gr n+m (X n+m ) → Gr n (X n ) is a locally trivial fibration for the Zariski topology with fibre A dm k . We say that a map π : A → B is a piecewise morphism if there exists a finite partition of the domain of π into locally closed subvarieties of X such that the restriction of π to any of these subvarieties is a morphism of schemes.
3.2.
Away from the singular locus. -Let X be a formal R-scheme and consider its singular locus X sing defined in 2.4. For any integer e ≥ 0, we view Gr e (X sing,e ) as contained in Gr e (X ) and we set
e (Gr e (X sing,e )). We say that a map π : A → B between k-constructible sets A and B is a piecewise trivial fibration with fibre F , if there exists a finite partition of B in subsets S which are locally closed in Y such that π −1 (S) is locally closed in X and isomorphic, as a variety over k, to S × F , with π corresponding under the isomorphism to the projection S × F → S. We say that the map π is a piecewise trivial fibration over some constructible subset C of B, if the restriction of π to π −1 (C) is a piecewise trivial fibration onto C.
There exists an integer c ≥ 1 such that, for every integers e and n in N such that n ≥ ce, the projection
is a piecewise trivial fibration over π n (Gr (e) (X )) with fibre A d k .
3.3. Dimension estimates. - 
There is a natural ring structure on K 0 (Var k ), the product being induced by the cartesian product of varieties, and to any constructible set S in some variety one naturally associates a class [S] 
with respect to the filtration F ·(4) . We will also denote by F · the filtration induced
We put on the ring K 0 (Var k ) a structure of non-archimedean ring by setting ||a|| := 2 −n , where n is the largest n such that a ∈ F n K 0 (Var k ), for a = 0 and ||0|| = 0.
n (C) with C a constructible subset of Gr n (X ). We denote by C X the set of cylindrical subsets of Gr(X ) of some level. Let us remark that C X is a boolean algebra, i.e. contains Gr(X ), ∅, and is stable by finite intersection, finite union, and by taking complements. It follows from Proposition 3.1.1, that if A is cylindrical of some level, then π n (A) is constructible for every n ≥ 0. A basic finiteness property of cylinders is the following:
Proof. -Since Gr(X ) is quasi-compact, this follows from Thorme 7.2.5 of [13] .
3.6. Motivic measure for cylinders. -Let X a flat formal R-scheme of relative dimension d. Let A be a cylinder of Gr(X ). We shall say A is stable of level n if it is cylindrical of level n and if, for every m ≥ n, the morphism
is a piecewise trivial fibration over π n (A) with fibre A d k . We denote by C 0,X the set of stable cylindrical subsets of Gr(X ) of some level. It follows from Proposition 3.1.2 that every cylinder in Gr(X ) is stable when X is smooth. When X is no longer assumed to be smooth, C 0,X is in general not a boolean algebra, but is an ideal of C X : C 0,X contains ∅, is stable by finite union, and the intersection of an element in C X with an element of C 0,X belongs to C 0,X . In general Gr(X ) is not stable, but it follows from Proposition 3.2.1 that Gr (e) (X ) is a stable cylinder of Gr(X ), for every e ≥ 0. From first principles, one proves (cf. [10] , [24] ): 3.6.1. Proposition-Definition. -There is a unique additive morphism
A is a stable cylinder of level n. Furthermore the measureμ is σ-additive.
One deduces from Proposition 3.3.1 and Proposition 3.3.2, cf. [10] , [24] , the following:
It is still unknown whether the filtration F · is separated or not.
(1) For any cylinder A in C X , the limit
||µ(A)|| ≤ ||µ(B)||.
3.7. Measurable subsets of Gr(X ). -For A and B subsets of the same set, we use the notation A△B for A ∪ B \ A ∩ B.
3.7.1. Definition. -We say that a subset A of Gr(X ) is measurable if, for every positive real number ε, there exists an ε-cylindrical approximation, i.e. a sequence of cylindrical subsets A i (ε), i ∈ N, such that
and ||µ(A i (ε))|| ≤ ε for all i ≥ 1. We say that A is strongly measurable if moreover we can take A 0 (ε) ⊂ A.
exists in K 0 (Var k ) and is independent of the choice of the sequences A i (ε), i ∈ N.
For A a measurable subset of Gr(X ), we shall call µ(A) the motivic measure of A. We denote by D X the set of measurable subsets of Gr(X ). One should remark that obviously C X is contained in D X . Let y be a point of Gr(Y) \ Gr(Y sing ) defined over some field extension F of k. We denote by ϕ : Spf R F → Y the corresponding morphism of formal R-schemes. We define ord ̟ (Jac h )(y), the order of the Jacobian ideal of h at y, as follows.
From the natural morphism h * Ω X |R → Ω Y|R , one deduces, by taking the d-th exterior power, a morphism h
is a free O R F -module of rank 1, it follows from the structure theorem for finite type modules over principal domains, that the image of
in L is either 0, in which case we set ord ̟ (Jac h )(y) = ∞, or ̟ n L, for some n ∈ N, in which case we set ord ̟ (Jac h )(y) = n.
3.9. The change of variable formula. -If h : Y → X is a morphism of formal R-schemes, we still write h for the corresponding morphism Gr(Y) → Gr(X ).
The following lemmas are basic geometric ingredients in the proof of the change of variable formula 3.9.3 and 3.9.4.
3.9.1. Lemma. -Let h : Y → X be a morphism between flat formal R-schemes of relative dimension d. We assume Y is smooth. For e and e ′ in N we set ∆ e,e ′ := ϕ ∈ Gr(Y) ord ̟ (Jac h )(y) = e and h(ϕ) ∈ Gr (e ′ ) (X ) .
Then, there exists c in N such that, for every n ≥ 2e, n ≥ e + ce ′ , for every ϕ in ∆ e,e ′ and every x in Gr(X ) such that π n (h(ϕ)) = π n (x), there exists y in Gr(Y) such that h(y) = x and π n−e (ϕ) = π n−e (y). (1) If ϕ and ϕ ′ belong to B and π n (h(ϕ)) = π n (h(ϕ ′ )), then π n−e (ϕ) = π n−e (ϕ ′ ). (2) The morphism π n (B) → π n (A) induced by h is a piecewise trivial fibration with fibre A e k . For a measurable subset A of Gr(X ) and a function α : A → Z ∪ {∞}, we say that L −α is integrable or that α is exponentially integrable if the fibres of α are measurable and if the motivic integral
When all the fibres A ∩ α −1 (n) are stable cylinders and α takes only a finite number of values on A, it is not necessary to go to the completion of K 0 (Var k ) loc and one may define directly
Theorem. -Let h : Y → X be a morphism between flat formal R-schemes of relative dimension d. We assume Y is smooth. Let B be a strongly measurable subset of Gr(Y). Assume h induces a bijection between B and A := h(B). Then, for every exponentially integrable function α : A → Z∪∞, the function α•h+ord ̟ (Jac h ) is exponentially integrable on B and
We shall also need the following variant of Theorem 3.9.3. 
by h is tale (cf. [8]). Let B be a cylinder in Gr(Y). Assume h induces a bijection between B and A := h(B) and that A is a stable cylinder of Gr(X ). Then the fibres
B ∩ ord ̟ (Jac h ) −1 (n) are stable cylinders, ord ̟ (Jac h ) −1 (n) takes
only a finite number of values on B, and
4. Integration on smooth rigid varieties 4.1. Order of differential forms. -Let X be a flat formal R-scheme equidimensional of relative dimension d. Consider a differential form ω in Ω d X |R (X ). Let x be a point of Gr(X ) \ Gr(X sing ) defined over some field extension F of k. We denote by ϕ : Spf R F → X the corresponding morphism of formal R-schemes. Since L := (ϕ * Ω d X |R )/(torsion) is a free O R F -module of rank 1, it follows from the structure theorem for finite type modules over principal domains, that its submodule M generated by ϕ * ω is either 0, in which case we set ord ̟ (ω)(x) = ∞, or ̟ n L, for some n ∈ N, in which case we set ord ̟ (ω)(x) = n. Since there is a canonical isomorphism Ω
X |R (X ) and n ∈ N, we set ord ̟,X (ω) := ord ̟ (ω) − n. Clearly this definition does not depend on the choice ofω. 
Let y be a point in Gr(Y) \ Gr(Y sing ) and assume h(y) belongs to Gr(X ) \ Gr(X sing ). −1 is isomorphic to a principal ideal sheaf (f )O U , with f in O U . Furthermore, the function ord ̟,X (ω) coincides with the function ord ̟ (f ) which to a point ϕ of Gr(U) = Gr(X ) associates ord ̟ (f (ϕ)). The fibres of ord ̟ (f ) are stable cylinders. Since ω is a gauge form, f induces an invertible function on X, hence, by the maximum principle (cf. [4] ), the function ord ̟ (f ) takes only a finite number of values. To prove that
does not depend on the model X , it is enough to consider the case of another model X ′ obtained from X by an admissible formal blow-up h : X ′ → X . We may also assume X ′ contains as an open dense formal subscheme a weak Nron model U ′ of X. The equality
then follows from Lemma 4.1.1 and Theorem 3.9.4. Statement (1) follows similarly from Lemma 4.1.1 and Theorem 3.9.3.
4.1.3.
Remark. -A situation where gauge forms naturally occur is that of reductive groups. Let G be a connected reductive group over k. B. Gross constructs in [16] , using Bruhat-Tits theory, a differential form of top degree ω G on G which is defined up to multiplication by a unit in R. One may easily check that the differential form ω G induces a gauge form on the rigid K-group G rig := (G ⊗R) K . 
If ω is only assumed to be a differential form in
Proof. -Let us prove the first statement, the proof of the second one being similar. It is enough to consider the case |J| = 2. Choose an R-model X containing a weak Nron model U of X as an open dense formal subscheme and such that the covering
It is sufficient to prove that 
If ω and ω ′ are only assumed to be differential forms in
Proof. -Let us prove the first assertion, the proof of the second one being similar.
Choose R-models X and X ′ of X and X ′ respectively containing a weak Nron model U of X and U ′ of X ′ as an open dense formal subscheme. Also write ω = ̟ −nω and
, which follows the fact that on Gr(X ×X ′ ) ≃ Gr(X )×Gr(X ′ ) = Gr(U) × Gr(U ′ ), the functions ord ̟,X ×X ′ (ω ×ω ′ ) and ord ̟,X (ω) + ord ̟,X ′ (ω ′ ) are equal. 
if there is an isomorphism h : X ′ → X with h * ω = ω ′ , and
when (O i ) i∈J is a finite admissible covering of X, with the notation O I := ∩ i∈I O i for I ⊂ J. One puts a graded ring structure on
Forgetting gauge forms, one defines similarly
, the Grothendieck group of smooth rigid K-varieties of dimension d, and the graded ring
4.2.1. Proposition. -The assignment which to a gauged smooth rigid K-variety (X, ω) associates X ωdμ factorizes uniquely as a ring morphism
Proof. -This follows from Lemma 4.1.4 and Proposition 4.1.5.
4.3.
A formula for X ωdμ. -Let X be a smooth rigid variety over K of pure dimension d. Let U be a weak Nron model of X contained in some model X of X and let ω be a form in Ω 
Proof. -Denote by U i 0 the irreducible component of X with special fibre U i 0 . Since Gr(X ) is the disjoint union of the sets Gr(U i 0 ), we may assume X is a smooth irreducible formal R-scheme of dimension d. Let ω be a section of Ω d X |R (X ) which generates Ω d X |R at the generic point of X and induces a gauge form on the generic fibre. Let us remark that the function ord ̟,X (ω) is identically equal to 1 on Gr(X ). Indeed, after shrinking X , we may write ω = f ω 0 with ω 0 a generator Ω d X |R a every point and f in O X (X ). By hypothesis f is a unit at the generic point of X . Assume at some point x of Gr(X ), ord ̟ f (x) ≥ 1 ; it would follow that the locus of f = 0 is non empty in X , which contradicts the assumption that ω induces a gauge form on the generic fibre. Hence, we get Gr(
, and the result follows. X an ωdμ which does not depend on ω. In particular, we have the following analogue of Batyrev's result on birational projective Calabi-Yau manifolds [1] , [10] .
4.4.2.
Corollary. -Let X be a Calabi-Yau variety over K and let X and X ′ be two proper and smooth R-models of X with special fibres X 0 and X ′ 0 . Then 
. By the maximum principle, the function ord ̟ (f ) takes only a finite number of values on Gr(X ). It follows we may write Gr(X ) as a disjoint union of the subsets Gr(X ) ord ̟ (f )=n where ord ̟ (f ) takes the value n. These subsets are stable cylinders and only a finite number of them are non empty. Hence the equality
holds in K 0 (Var k ) loc and the statement follows. 
which to the class of a variety X over k assigns its Hodge polynomial H(X) for de Rham cohomology with compact support. Such a morphism is known to exist when k is of characteristic zero. Then if one sets H 1/2 (X)(u) := H(X)(u, u −1 ) one gets a morphism 
Proof. -By taking an appropriate admissible cover, we may assume there exists a gauge form on X, in which case the result follows from Proposition 4.3.1, since
(In fact, one can also prove Theorem 4.5.1 that way, but we prefered to give a proof which is quite parallel to that of Serre in [25] .) 4.6. Relation with p-adic integrals on compact locally analytic varieties. -Let K be a local field with residue field k = F q . Let us consider the Grothendieck group K 0 (SLocAn There are canonical forgetful morphisms F :
induced from the functor which to a rigid variety (resp. gauged variety) associates the underlying locally analytic variety (resp. gauged variety). If (X, ω) is a gauged compact locally analytic smooth variety, the padic integral X |ω| belongs to Z[q −1 ] (cf. [25] ), and by additivity of p-adic integrals one gets a morphism int p :
. On the other hand, there is a canonical morphism N : K 0 (Var k ) → Z which to the class of a k-variety S assigns the number of points of S(F q ), and which induces a morphism N :
4.6.1. Proposition. -Let K be a local field with residue field k = F q . Then the diagram
is commutative.
Proof. -One reduces to showing the following: let X be a smooth formal R-scheme of dimension d and let f be a function in O X (X ) which induces a non vanishing function on X K , then
with dμ p the p-adic measure on X (R). It is enough to check that N(μ(ord ̟ (f ) = n)) is equal to the p-adic measure of the set of points x of X (R) with ord ̟ (f )(x) = n, which follows from Lemma 4.6.2.
Proof.
. On the other hand X being smooth, the morphism A ∩ Gr(X )(k) → C(k) is surjective and its fibres are balls of radius
Let us now explain the relation with the work of Serre in [25] . Serre shows in [25] that any compact locally analytic smooth variety over K of pure dimension d is isomorphic to rB d , with r an integer ≥ 1 and B d the unit ball of dimension d and that, futhermore, rB d is isomorphic to r ′ B d if and only if r and r ′ are congruent modulo q − 1. We shall denote by s(X) the class of r in Z/(q − 1)Z. It follows from Serre's results that s induces an isomorphism s :
is commutative. The following result then follows from Proposition 4.6.1.
4.6.3. Corollary. -Let K be a local field with residue field k = F q . Then the diagram
5. Essential components of weak Nron models 5.1. Essential components and the Nash problem. -Since we shall proceed by analogy with [21] , let us begin by recalling some material from that paper. We assume in this subsection that k is of characteristic zero and that
For X an algebraic variety over k, we denote by L(X) its arc space as defined in [10] . In fact, in the present § , we shall use notations and results from [10] , even when they happen to be special cases of ones in this paper. As remarked in 2.3.3, L(X) = Gr(X ⊗R) and there are natural morphisms
By a desingularization of a variety X we mean a proper and birational morphism
with Y a smooth variety, inducing an isomorphism between h −1 (X \ X sing ) and X \ X sing (some authors omit the last condition). Let h : Y → X be a desingularization of X and let D be an irreducible component of It follows from the definitions and Hironaka's Theorem that essential components of different resolutions of the same variety X are in natural bijection, hence we may denote by τ (X) the number of essential components in any resolution of X. Let W be a constructible subset of an algebraic variety Z. We say that W is irreducible in Z if the Zariski closure W of W in Z is irreducible. In general let W = ∪ 1≤i≤n W ′ i be the decomposition of W into irreducible components. Clearly W i := W ′ i ∩ W is non empty, irreducible in Z, and its closure in Z is equal to W ′ i . We call the W i 's the irreducible components of W in Z. Let E be a locally closed subset of h −1 (X sing ). We denote by Z E the set of arcs in L(Y ) whose origin lies on E but which are not contained in E. In other words
. Let us remark that if E is smooth and connected, π n (Z E ) is constructible and irreducible in L n (Y ). Now we set
The following result, proved in [21] , follows easily from the above remarks and Hironaka's resolution of singularities: 5.1.1. Proposition (Nash [21] ). -Let X be an algebraic variety over k, a field of characteristic zero. Set N (X) := π
the irreducible components of π n (N (X)). The mapping n → r(n) is nondecreasing and bounded by the number τ (X) of essential components occuring in a resolution of X.
Up to renumbering, we may assume that W i n+1 maps to W i n for n ≫ 0. Let us call the family (W i n ) n≫0 a Nash family. Nash shows furthermore that for every Nash family (W i n ) n≫0 there exists a unique essential component E in a given resolution h : Y → X of X such that π n (N E ) = W i n for n ≫ 0. Now, we can formulate the Nash problem: , one deduces the fact that dim π n (N U ) − (n + 1) d has a limit. To conclude we first remark that π n (N U ) = π n (N E ) for any non empty open subset U in E. Hence we may assume that (h * Ω d X )/torsion is locally free on a neighborhood of U. It then follows from Proposition 6.3.2 in [10] , or rather from its proof, that
in K 0 (Var k ). Hence µ(N U ) belongs to F ν(E) and not to F ν(E)+1 , and the result follows.
5.2. Essential components of weak Nron models. -We shall return now to the setting of the present paper. We shall fix a flat formal R-scheme X of relative dimension d with smooth generic fibre X K . By a weak Nron model of X , we shall mean a weak Nron model U of X K together with a morphism h : U → X inducing the inclusion U K ֒→ X K . As before we shall denote by U Proof. -Clearly the mapping n → r(n) is nondecreasing. Let h : U → X be a weak Nron model of X , with irreducible components U i , i ∈ J. Since U i is smooth and irreducible, π n,U (Gr(U i )) is also smooth and irreducible, hence the Zariski closure of h(π n,U (Gr(U i ))) = π n,X (Gr(U i )) in Gr n (X ) is irreducible. Since Gr(X ) is the union of the subschemes Gr(U i ), it follows that r(n) is bounded by |J|. Now if U i is not an essential component, there exists some weak Nron model of X , h ′ : U ′ → X , such that, if we denote by W i the image of Gr(U i ) in Gr(U ′ ), π n,U ′ (W i ) is contained in the Zariski closure of π n,U ′ (Gr(U ′ ) \ W i ). It follows that π n,X (Gr(U i )) is contained in the closure of π n,X (Gr(U) \ Gr(U i )). The bound r(n) ≤ τ (X ) follows.
As previously, we may, up to renumbering, assume that W i n+1 maps to W i n for n ≫ 0. We shall still call the family (W i n ) n≫0 a Nash family. Let ξ i n be the generic point of W i n . By construction ξ i n+1 maps to ξ i n under the truncation morphism Gr n+1 (X ) → Gr n (X ), hence to the inverse system (ξ i n ) n≫0 corresponds a point ξ i of Gr(X ). Let h : U → X be weak Nron model of X with irreducible components U j , j ∈ J. There is a unique irreducible component U j(i) such that the point ξ i belongs to Gr(U j(i) ). Furthermore, h(π n (Gr(U j(i) )) = W i n for n ≫ 0 and it follows from the proof of Proposition 5.2.1 that U j(i) 0 is essential. We have the following analogue of the Nash problem: For E a locally closed subset of the special fibre of U, we set Z E := π −1 0,U (E)) and N E := h(Z E ). Remark that, for every n, π n (Z E ) and π n (N E ) are constructible
